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Nonlinear regression is used to fit the omega function vs. protein concentration curves (first described by B.K. Milthorpe. 
P.D. Jeffrey and L.W. Nichol, Biophys. Chem. 3 (1975) 169) obtained from sedimentation equilibrium experiments on 

self-associating macromolecules. Nonlinear regression allows the direct fit of these curves with discrete or indefinite 

self-association reaction models in order to obtain values for the equilibrium constants and second virial coefficient. The 

method is independent of the choice of reference concentration and avoids the original method of extrapolating an omega 

function curve to zero concentration and then using the extrapolated value to construct a monomer activity curve used for 

analysis. This extrapolation can become very difficult for mild to strong self-associations where incorrectly extrapolated values 

lead to systematic error in the monomer activity curves. The method is applied to results from a mild, indefinite 

self-association, exemplified by the self-association of human spectrin, and to computer-simulated data of weak, mild and 

strong, indefinite self-associations 

1. Introduction 

The omega function was introduced by 
Milthorpe et al. [l] as a means of fitting reaction 
models to sedimentation equilibrium data ob- 
tained with self-associating solutes. By extrapolat- 
ing the omega function to zero concentration, the 
thermodynamic activity of the self-associating 
monomer can be determined at a reference point 
in the centrifuge cell. Milthorpe et al. [l] showed 
that the omega function was devoid of turning 
points, and that the required extrapolation should 
be, in many cases, straightforward. Once esti- 
mated, the activity of the monomer at the refer- 
ence point can be used to calculate the activity of 
the monomer as a function of the total solute 
concentration. The activity of the monomer is a 
particularly useful quantity since, for a particular 
set of reaction conditions, it is a function only of 
the total solute concentration and can be written 

to include the parameters of self-association per- 
taining to a particular model [l]. The values of the 
parameters can be relatively easily determined by 
simultaneous solution of reaction model equations 
using the data from a number of arbitrarily chosen 
points [l]. 

One of the major features of this method is that 
the successive differentiation and integration of 
the data required by many other methods [2-41 are 
avoided, and that, as a result, less error is intro- 
duced into the calculation. 

We have recently used the omega function anal- 
ysis in a study of the self-association of the red cell 
cytoskeletal protein spectrin [5]. Although this ap- 
proach appeared to be satisfactory, difficulties in 
extrapolating the omega function to zero con- 
centration were encountered. It occurred to us 
that, since the omega function itself was depen- 
dent only on the total protein concentration, the 
parameters of the self-association model could, in 
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principle, be determined by directly fitting this 
function. This would avoid extrapolating the omega 
function curve and then fitting the activity curve 
derived from the extrapolated value. 

This paper describes the direct fitting of the 
omega function by nonlinear regression to obtain 
the parameters of self-association models. Nonlin- 
ear regression uses all the data to determine the 
parameters, rather than selected sets of arbitrarily 
chosen points. The method is tested by fitting 
indefinite self-association models to computer 
simulated examples and to results from the self-as- 
sociation of spectrin. 

2. Materials and methods 

2.1. Preparation of spectrin 

Spectrin dimer was extracted and purified from 
human erythrocytes as previously described [6] but 
with the inclusion of 0.3 mM sodium azide in all 
buffers. After repeated chromatography on a col- 
umn of Sepharose 4B (3.0 x 50 cm) in a buffer 
comprising 0.1 M NaCl, 0.01 M phosphate, pH 
7.5, 5 mM EDTA and 0.1 mM dithiothreitol, the 
dimer fraction was centrifuged for 40 min at 
30000 X g to remove any insoluble material and 
was then dialysed four times (3 x 1 h, 1 X 6 h) 
against the same buffer plus 0.3 mM phenylmeth- 
ylsulfonyl fluoride. The purified spectrin was used 
immediately for sedimentation equilibrium experi- 
ments to minimize the proteolytic damage that 
may occur during storage. 

2.2. Meniscus depletion sedimentation equilibrium 

Three different initial loading concentrations of 
spectrin were centrifuged at 25’C and 9038 rpm 
for 29.5 h in a Beckman-Spinco analytical ultra- 
centrifuge fitted with electronic speed control and 
an RTIC unit. An An-D rotor and Yphantis 12 
mm 6-channel centerpiece were used. The use of 
silicone layering oil was avoided in sedimentation 
equilibrium experiments [7]. At 29.5 h the Rayleigh 
interference pattern was photographically re- 
corded on Kodak metallographic plates. The plates 
were measured on a Nikon comparator at 20 x 

magnification and the displacements were cor- 
rected for baseline error [8]. A concentration con- 
version factor of 4.04 fringes per 1 g/l was used 
[9]. The effective-monomer molecular weight, M,, 
of spectrin was taken as 480000 [lo], a partial 
specific volume, E,, of 0.733 ml/g was used Ill] 
and the solution density, p, was 1.003 g/ml. 

U(r) vs. C(T) curves were calculated using eq. 
la (section 3). To determine if all three samples 
were homogeneous and had reached chemical 
equilibrium during the time course of the experi- 
ment, a reference concentration common to all 
three channels was chosen and the G!(r) vs. c(r) 
curves were examined for coincidence over the 
common concentration range [l]. The square of 
the radial position of the reference concentration 
in each channel was estimated by interpolation 
using a six-point quadratic or cubic regression. 

The Adams-Fujita approximation [12] for the 
activity of the monomer, a,(r), was used when 
fitting the B(r) vs. c(r) and the u,(r) vs. c(r) 
curves: 

where C,(T) is the monomer concentration at ra- 
dial distance r, and B the second virial coefficient. 
The equations describing c,(r) in the g/l scale for 
the SEK I and SEK III reaction models [3] were as 
follows: For the SEK I model (where the effective 
monomer adds to any sized polymer with the same 
change in free energy), c,(r) is given by [13]: 

c trj = L+ I- d[l+ 44r)kl 
1 k 2c( r)k2 

(kc,(r) < 1) 

where k is the intrinsic equilibrium constant. The 
molar intrinsic equilibrium constant, K, is given 
by: 

K=kM, 

For the SEK III model, C,(T) is an implicit func- 
tion of c(r): 

~,,dr)[2 - kc,(r)] 
[l -kc,(r)]* i 

(kc,(r) < 1) 
where k,, is the dimerization constant and k the 
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intrinsic equilibrium constant describing all steps 
except dimerization. The corresponding molar 
equilibrium constants are given by: 

K,z = k,,W 

and 

K=kM, 

Simulated curves of a(r) vs. c(r) for the SEK I 
and SEK III reaction models were calculated using 
a combination of eq. lb (section 3), the Adams- 
Fujita approximation and the appropriate equa- 
tion for c,(r). For all simulations M, = 480000, 
5, = 0.73 ml/g, p= 1.0 g/ml and T= 298 K. In 
certain cases the c(r) values, in the raw data set of 
c(r) vs. r, were perturbed by random, normally 
distributed errors of 0.0027 g/l standard deviation 
(corresponding to a standard deviation of approx. 
3 pm in the baseline-corrected plate reading). 

2.3. Nonlinear regression 

Experimental and simulated Q(r) vs. c(r) and 
a,(r) vs. c(r) curves were fitted by nonlinear 
regression based on the Gauss-Newton algorithm. 
Parameters were re-estimated for each iteration 
using the approximation by central differences of 
the partial first derivatives of the fitting function. 
Convergence to a final set of parameters was 
achieved from initial estimates on either side of the 
final values, with a tolerance of less than one part 
in 106. 

For the SEK III model, the implicit function 
for c,(r) was solved by means of the Newton- 
Raphson iterative procedure to obtain C,(T) for 
any particular c(r). 

2.4. Electrophoresis 

The purity of spectrin samples was examined 
using acrylamide gel electrophoresis in the pres- 
ence of SDS according to the method of Fairbanks 
et al. [14]. Samples were found to be greater than 
98% pure even at the completion of centrifugation. 
No traces of actin or band 4.1 could be detected in 
any of the samples. 

3. Results 

3.1. The omega function 

The omega function, Q(r), is defined as [l]: 

(la) 

(lb) 

where +, = (1 - 6,p)w2/2RT with U, the partial 
specific volume of the effective monomer, p the 
solution density, w the angular velocity, R the 
universal gas constant and T the absolute temper- 
ature of the sedimentation equilibrium experiment. 
M, is the effective-monomer molecular weight, 
c(r) and c( or) the total protein concentrations at 
radial positions r and r, , respectively, and a, the 
thermodynamic activity of the effective monomer. 
From eq. la [l], if M, and ti, are known and a 
reference concentration, c(rF), is chosen, a plot of 
U(r) vs. c(r) can be drawn from measurements 
obtained with Rayleigh interference or absorption 
optics. By definition LZ( r) = 1 at c( rF). 

Importantly, plots of Q(r) vs. c(r) provide a 
very sensitive test for determining if the self-as- 
sociation reactions from a series of ultracentrifugal 
experiments have reached chemical equilibrium 
and if the samples are homogeneous. If chemical 
equilibrium has been achieved and the samples are 
homogeneous the plots will be coincident over 
their common concentration range when a com- 
mon c(T~) is used (provided no volume changes 
accompany the formation of polymers) [l]. 

In order to fit reaction models to experimental 
results, Milthorpe et al. [l] suggested extrapolating 
the plot of L?(r) vs. c(r) to infinite dilution. From 
eq. lb it can be shown that [l]: 

limL?(r)=U,=a,(r,)/c(r,) 

c(r)--+0 
(2) 

Since c(rF) is known, the monomer activity, 
a,(r,), can be calculated. The value of a,(rF) is 
then used to determine the monomer activity, 
a,(r), at any radial position and hence at any 
measured concentration, c(r), using the following 



equation [l]: 

a,(r)=a,(r,)exp[~,M,(r’-r:)l (3) 

A plot of u,(r) vs. c(r) can now be constructed 
and fitted with various reaction models. The val- 
ues of the reaction model parameters can be 
determined by simultaneous solution of the reac- 
tion model equations using the data from a num- 
ber of arbitrarily chosen points [l]. Alternatively, 
the entire data set could be used for the fitting 
procedure using nonlinear regression. 

3.2. Extrapolation of the omegu function 

The accuracy of the analysis just described is 
highly dependent on the accuracy with which the 
Q(r) vs. c(r) curve can be extrapolated. For ex- 
ample, let us take an arbitrary set of data for 
which the reference concentration, c( Ye), was mea- 
sured without error, but for which the extrapola- 
tion to infinite dilution was in error by 2%. From 
eqs. 2 and 3, a 2% error in the extrapolated value, 
L?,, would lead to a 2% error in every calculated 
monomer activity, a,(r)_ 

Milthorpe et al. [l] demonstrated that the ex- 
trapolation of an omega function curve to infinite 
dilution for a nearly ideal, weakly self-associating 
solute is relatively unambiguous. There are two 
reasons for this: Firstly, there is little or no curva- 
ture in the omega function near zero concentra- 
tion. Secondly, if a small reference concentration 
is chosen, the intercept will have a value close to 
its maximum possible value of 1.0. In this way, if 
an error is made in the extrapolation. the per- 
centage error is likely to be small and, therefore, 
the error in u,(rF) and the other monomer activi- 
ties will be small. 

Fig. 1 shows a simulated omega function curve 
for a weakly self-associating solute. A good 
extrapolation can be made to within about 2% of 
the true value in this example. Thus, for a weakly 
self-associating solute, an accurate monomer activ- 
ity curve can be drawn because the intercept can 
be determined accurately. Analysis of the mono- 
mer activity curve with any particular reaction 
model will give good estimates of the parameters. 

As the strength of the self-association increases, 

o.aL, I 
0.2 0.4 0.6 0.8 1.0 

c(r) (Q/l) 

Fig. 1. Simulated omega function curve for a weakly self-associ- 
ating solute. The solute is associating in accordance with the 
SEK III model (k,, = 0.5 I/g, k = 0.25 I/g, B = 3.7 X IO-’ I 
mol g-‘, c(rF) = 0.16557 g/l). The solid line represents our 
best attempt to average the data by eye. The extrapolated value 
for this line lies very close to the correct extrapolated value 
(arrow). The dashed lines enclose the feasible range of extrapo- 
lations. The range is approx. +2% of the correct value. Nor- 
malized, random error has been placed on the data. 

the problems of extrapolating become more ap- 
parent. For mild self-associations (fig. 2) the omega 
function curve becomes steeper at low concentra- 
tion and the curvature in this region becomes more 
uncertain. In addition, even if a small reference 
concentration is chosen, the intercept value will be 
substantially smaller than 1.0. In these cases, a 
small error in the extrapolation will result in a 
large percentage error in the intercept value and 
hence in the monomer activity values. This per- 
centage error will tend to increase as the strength 
of the self-association increases. 

Milthorpe et al. [l] suggest two means by which 
a poor extrapolation can be rectified: Firstly, an 
incorrect extrapolation can be detected because 
the monomer activity curve derived from the 
extrapolation will not pass through the origin. 
However, rearranging eq. 1 b: 

For a self-associating system (provided that the 
chosen monomer species exists), as C(T) ap- 
proaches zero, Q(r) approaches some nonzero 
value so that: 

lim a,(r) = 0 (5) 
c(r) --) 0 

Therefore, a plot of a, ( r ) vs. c( r ) will pass through 
the origin irrespective of the error in a,(~~) pro- 
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Fig. 2. Simulated omega function curves based on the SEK III 
model. Mild self-association (k,, = 3 I/g, k = 2 I/g, B = 3.7 X 

lo-’ I mol g-*). The solid lines represent attempts to average 
the data in order to obtain the extrapolated values at zero 
concentration. A reasonable extrapolation for one curve (e, 
c( rF) = 0.2005 g/l) has underestimated the correct extrapola- 
tion (o+) by about 9%. When the data are averaged in a 
similar manner for a curve based on a new c(rF) (A, c(T~) = 
0.10783 g/l) a similar percentage error in the extrapolated 
value is obtained. Normalized, random error has been placed 
on the data. 

duced by a poor extrapolation. Secondly, 
Milthorpe et al. suggest that an improved estimate 
of the reference monomer activity can be 
determined by averaging the values of u,(rF) ob- 
tained from several curves based on different ref- 
erence concentrations. However, this procedure 
does not necessarily lead to a better estimate of 
ul(yF). For a particular set of data, the relative 
positions of the points in the omega function 
curves are similar irrespective of the reference 
concentration used. So, if a reasonable, but incor- 
rect, extrapolation is made for one curve (fig. 2) 
then it is not unreasonable that the points used to 
guide the extrapolation will be treated in a similar 
manner for a curve based on a different reference 
concentration. The result is a tendency to propa- 
gate a systematic error in the evaluation of the 

intercepts and hence in the value of q(rF). Instead 
of drawing several omega function curves it would 
be sufficient to draw a single curve, using the 
lowest reference concentration available, and use a 
range of feasible extrapolations as a guide to the 
errors involved. 

Fig. 3 shows the effect an incorrect extrapola- 
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Fig. 3. (a) Monomer activity curves for a mild self-association 
based on the correct and incorrect extrapolated values in fig. 2 
(c( rF) = 0.10783 g/l). The solid circles are generated from the 
correct extrapolated value of 0.670 and the solid triangles from 
the incorrect value of 0.62. In (b) a nonlinear regression fit to 
the incorrect activity curve gave a nonrandom distribution of 
residuals and returned incorrect parameter values: k,, = 4.00 
ztO.05 I/g, k=1.90&0.05 l/g, B-(3.28kO.11)~10-’ 1 mol 
gm2. When the correct activity curve was fitted the distribution 
of residuals was random and the correct parameter values were 
returned; k ,z=3.05f0.03 I/g, k=2.03*0.04 l/g, B=(3.75 
rtO.OS)XlO-’ 1 mol gm2. 
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tion has on the monomer activity curve and the 
values of the self-association parameters. The cor- 
rect and incorrect extrapolations for one of the 
simulated omega function curves in fig. 2 were 
used to construct the corresponding monomer ac- 
tivity curves (fig. 3a). The monomer activity curves 
then were fitted with the correct model, the SEK 
III model, using nonlinear regression. 

The values of the returned parameters are in- 
accurate for the incorrect curve and the residuals 
are nonrandomly distributed (fig. 3b). If the cor- 
rect curve is fitted, the correct parameter values 
are returned and the residuals are randomly dis- 
tributed. For strong self-associations (data not 
shown), where reasonable extrapolations of the 
omega function curves can give very large per- 
centage errors in the extrapolated values, the prob- 
lems of nonrandom residuals distributions and 
inaccurate parameter estimates are accentuated. 

Therefore, for mild and strong self-associations 
there is a possibility of rejecting the correct self-as- 
sociation model because of an error made in ex- 
trapolating the omega function curve to zero con- 
centration. 

3.3. Direct fitting of the omega function 

In principle, the extrapolation and its associ- 
ated problems can be avoided entirely by fitting 
the omega function directly, since the omega func- 
tion, like the activity function, is dependent only 
on the total solute concentration and can be writ- 
ten in terms of the self-association parameters. 

Using the Adams-Fujita approximation (see 
section 2) eq. lb can be rewritten: 

n(r) = c(~)c1(TF)exP{BM,[c(r,) -cWl> (6) 

c(~r)c,(~) 

Various self-association models can be used to 
evaluate the right-hand side of eq. 6 for compari- 
son with the experimental L?(r) values, provided 
an implicit or explicit function of ci (r) in terms of 
C(T) and the equilibrium constant(s) is available. 
The values of the reaction model parameters can 
be determined by nonlinear regression analysis of 
the omega function data as a function of c(r). 

However, with the equilibrium constants and 

the second virial coefficient as parameters the fit- 
ting function is forced to pass through the refer- 
ence point, since from eq. la, O(r) = 1 at the 
reference point irrespective of the values of the 
parameters or the error made in measuring the 
reference concentration. This means that the val- 
ues of the returned parameters and the distribu- 
tion of the residuals of the fit are greatly depen- 
dent on the choice of the reference concentration. 

This problem can be overcome by using several 
measured concentrations covering the concentra- 
tion range {or, more appropriately, all of the mea- 
sured concentrations) as reference concentrations. 
In this way a set of omega function curves is 
produced from the experimental data; each curve 
can then be fitted with the reaction model and the 
parameters calculated. A good fit will be indicated 
if the values for each parameter from the set of 
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Fig. 4. The dependence of the fitting parameters (k,,. k and 
B) on the reference concentration, c(~r), for SEK III model 
fits to a set of omega function curves. The set of curves was 
obtained from a single channel of a sedimentation equilibrium 
experiment on spectrin. Each measured concentration was used, 
in turn, to construct an omega function curve which was then 
fitted with the model using nonlinear regression. The mean 
value for each parameter is given by the solid line in each 
panel. A two-sided f-test for each parameter shows no signifi- 
cant trend in the data at a probability level of 0.05. 
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curves are randomly distributed about a central 
value. That is, the correlation between the refer- 
ence concentrations and the values of the parame- 
ter will be at, or close to, zero. Fig. 4 shows the 
results of such an analysis from a single channel of 
an experiment on spectrin. Each measured con- 
centration has been used as a reference concentra- 
tion to produce an omega function curve and each 
omega function curve has been fitted with the 
SEK III model. For each parameter, the correla- 
tion between the reference concentration and the 
values of the parameter is zero, within limits of 
error, indicating that the SEK III model is a good 
one. 

The analysis becomes unwieldy, however, when 
one wishes to consider the data from several chan- 
nels either separately or simultaneously. If the 
channels are considered separately then the analy- 
sis must be repeated for each channel. If the 
channels are considered simultaneously then there 
is the added problem that the same reference 
concentration must be used from each channel to 
produce each omega function curve in the set. In 
most cases a particular reference concentration 
will not be explicitly measured in each channel 
and the position of the reference concentration in 
the solution column must be determined by inter- 
polation. 

To avoid the laborious procedure of construct- 
ing a set of omega function curves and fitting each 
curve in the set, it would be useful if the nonlinear 
regression fit was not forced to pass through the 
reference point but, instead, the reference point 
was given the same weight as any other point. 

3.4. The reference point 

We shall first consider the effect that an error 
in the reference concentration has on the omega 
function, since, from eqs. 1, the reference con- 
centration is used to calculate every omega func- 
tion value, and our function fitting procedure is 
forced to pass through the reference point. For a 
set of data in the absence of errors: 

(14 

and the omega function curve intercept, L?,, is 
given by: 

52, = ;;;$j = ul(rF)/c(rF) (2) 

Consider the case where the measurement of c( rF) 
is in error by an amount 6, so that: 

c’(rF)=c(rF)+f? (7) 

where the superscript indicates an apparent value. 
In this case all omega function values will be 
incorrect, being affected by the error in the refer- 
ence value: 

By combining eqs. la and 8 the apparent value of 
52 at any radial position can be related to the true 
value: 

(9) 

If, for example, S is positive, the result is sys- 
tematically to lower the entire set of D values 
except for the reference value, which, from eq. 8, is 
still fixed at 1.0. 

Fig. S illustrates simulated omega function 
curves based on the SEK III reaction model. One 
curve is calculated from a set of perfect data and 
the other is flawed by a positive error in the 
reference concentration. An SEK III fit to the true 
curve passes through all the points and returns the 
correct parameter values and the correct intercept, 
L+,. The correct reference monomer activity, a,( TV), 
can be obtained in the usual way by rearranging 
eq. 2: 

al(+) = GC(TF) (10) 

An SEK III fit to the flawed curve gives a poor fit 
and an intercept value very different from that 
obtained from the true curve. Even if the fit were 
not forced to pass through the reference point, the 
intercept for the flawed curve, S2& would still be 
different from the intercept for the true curve, 
since, from eqs. 2 and 9: 

%c(r,) fib= lim Q’(r) =- 
c(i-) + 0 c’(rF) 

(11) 
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Fig. 5. Simulated omega function curves based on the SEK 111 
model (k,, = 3 l/g, k = 2 I/g, B = 3.7~ lo-’ I mol g-*). One 
curve (0) has been calculated in the absence of errors and the 
other curve (0) has been flawed by an error in the reference 
concentration. When the equilibrium constants and the second 
virial coefficient are used as fitting parameters, the SEK III fit 
to the unflawed data (solid line) passes through the center of all 
the points including the reference point (0, c(rF) = 0.45 g/l), 
gives the correct intercept (&) and returns the correct param- 
eter values. The SEK 111 fit to the flawed curve (dashed line) 
passes through the center of the reference point (B, c(rF) = 0.49 
g/l) only and returns incorrect values: k,, = 9.4k4.4 I/g, 
k = 0.6il.l I/g, E= (1.5k1.9)xlO~’ 1 mol g-‘. The inter- 
cept for the fit to the flawed curve falls below the intercept 
value calculated from eq. 11 (B). When E( rF) is included as 
an additional fitting parameter (see section 3.5 for details) the 
fit (solid line) is no longer forced to pass through the reference 
point but passes through the more appropriate point de- 
termined by the value of ?( rF) (0. t( rF) = 0.542 g/l). The 
correct parameter values are returned now and the intercept 
value is equal to that calculated from eq. 11. The reference 
points have not been included in the fits. 

However, in spite of the fact that 52; and c’(rF) 
are in error in the flawed curve, the correct refer- 
ence monomer activity can be obtained from eqs. 
70 and 11: 

f&c’( rF) = s2,c( rF) (12) 
= al(rF) 

Note that the value of u,(rF) is not appropriate to 
the measured reference concentration, c’(v,), but 
to the true reference concentration, c(rF). This 
means that, irrespective of the error in I’, a 

I 

good extrapolation of the flawed Q’(r) vs. c(r) 
curve to obtain the intercept will yield the correct 
value of the reference monomer activity at the 
appropriate radial position, rF. (Once the value of 
a,(r,,) has been obtained, monomer activities at 
any other radial position can be calculated using 
eq. 3 without further reference to c’(rF). There- 
fore, in a plot of al(r) vs. c(r) there will be no 
propagation of systematic error caused by the use 
of I’.) Although in any real experiment all 
data points will contain unknown errors, the above 
discussion shows that the determination of the 
activity of the monomer at the reference point 
need not be prejudiced by errors in the reference 
concentration. 

3.5. Removing the privilege of the reference point 

In most cases the appropriate intercept, S& can 
only be obtained if the fitting procedure is not 
forced to pass through the reference point. This 
can be achieved by defining an additional parame- 
ter, ?(rF), such that sZ[?( rF)] = 1.0. 

Although ?(rF) has no physical meaning, when 
c(r) = ?( r,), P(r) = 1.0, so that, using eq. lb: 

(13) 

where Li,(r,) is the monomer activity correspond- 
ing to C( rF). Rearranging eq. 13 gives: 

a*(rF) 4(rF) =- 
C’(rF) P(rF) 04) 

Combining eqs. 12 and 14, the ratio b,(r,)/t(r,) 
gives us the appropriate intercept value, s21, and 
the true reference monomer activity, a,(rF), for 
the flawed curve L?‘(r) vs. c(r): 

(15) 

Therefore, with QrF) as an additional parameter, 
a nonlinear regression fit of the flawed W(r) vs. 
c(r) curve is no longer forced to pass through the 
reference point [c’(rF), LO]. Instead, the fit will 
pass now through the more appropriate point 
[E(rF), 1.01, and the appropriate intercept, a&, will 
be returned. 
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It remains to be determined if the same vector 
of reaction model parameters (the equilibrium 
constant(s) and the second virial coefficient) will 
be returned for both the true omega function curve 
and the flawed curve when the fit passes through 
the more appropriate point [?(ry), 1.01. For a 
given vector of parameters and the true reference 
concentration, c(rF), the ratio a,( rF)/c( rF) is a 
constant, independent of c(r): 

Similarly, for a given vector of parameters and a 
fixed value of C(r,), the ratio 2,(rF)/S(rF) is also 
a constant, independent of c(r) (eq. 15). We can 
compute expressions for L?(r) and 9’(r) based on 
the same vector of parameters by substituting the 
appropriate intercept into eq. lb: 

Qoc(r) U(r)=- 
%(r) 

n.(r)+# 
1 

(16) 

07) 

Since the concentration dependence of D(r) and 
Q’(r) resides in the same term, c(r)/a,(r), and 
c(r) and u,(r) are dependent on the reaction 
model parameters, the same vector of parameters 
can be used to describe both the Q(r) vs. c(r) 
curve and the sZ’( r) vs. c(r) curve. Thus, we have 
a means of fitting omega function curves using 
nonlinear regression which is not forced to pass 
through the reference point and which is indepen- 
dent of any error in the reference concentration. 

This can be illustrated (fig. 5) by fitting the 
SEK III omega function curve in which the refer- 
ence concentration is in error. The fit is no longer 
forced to pass through the reference point but, 
instead, passes through the more appropriate point 
determined by the additional parameter, C(r,). 
The correct values of the reaction model parame- 
ters are returned now. The intercept differs from 
the true intercept in accordance with eq. 11 and 
when the reference monomer activity is calculated, 
it equals the true value. 

Importantly, function fitting by nonlinear 
regression to omega function curves can differenti- 

ate between reaction models. For example, an 
omega function curve drawn from SEK III data is 
fitted properly by the SEK III model but is not 
fitted well by an SEK I model (fig. 6a). On the 
other hand, an omega function curve drawn from 
SEK I data is fitted perfectly by an SEK III 
model, since the SEK I model is simply a limited 
SEK III case with k,, = k (fig. 6b). 

The advantage of the additional parameter, 
t(rF), is exemplified by experimental results for 
the self-association of human spectrin. With only 
the equilibrium constants and second virial coeffi- 

-4P I 

O0 1 D 
0.4 0.8 1.2 1.6 2.0 

cm (g/l) 

Fig. 6. (a) Residuals plot for an SEK I model fit to an omega 
function curve drawn from SEK III data (k,, = 3 l/g, k = 2 
l/g, B = 3.7 x lo-’ I mol g-*, c(rF) = 0.2005 g/l). E(rF) has 
been included as a fitting parameter. The returned parameter 
values for the SEK I model were: k = 2.32 kO.03 I/g, B = 

(4.56kO.06)~lO~‘I mol gm2, ?(rF)= 0.2061~0.0010 g/I. An 
SEK III model fit to the curve gave a random distribution of 
residuals and returned the correct values: k, 2 = 3.05 f 0.14 I/g, 
k = 2.02kO.06 l/g, B = (3.75kO.15)~10-’ I mol gm2, E(rF) 
= 0.2020~0.0010 g/l. (b) Residuals plot for an SEK III model 
fit to an omega function curve drawn from SEK I data (k = 2.3 
I/g, B = 4.6 X lo-’ I mol g-*). ?(rF) has been included as a 
fitting parameter. The returned parameter values for the SEK 
III fit were k,, E 2.32~tO.17 I/g, k = 2.28kO.08 I/g, B = 
(4.55 iO.23)~10-’ 1 mol g-*, E( rF) = 0.219 f 0.002 g/l. Nor- 
malized, random error has been placed on the data. 
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cient as parameters, many, a.nd preferably all, 
measured concentrations should be used as refer- 
ence concentrations in order to determine whether 

b 

a 

-4 - 
0 

-66 0.4 0.6 1.2 1.6 
c(r) (g/1) 

Fig. 7. (a) Omega function curves for a sedimentation equi- 
librium experiment performed at 25°C on three different initial 
loading concentrations of spectrin (1.0 g/l (0). 0.75 g/l (A) 
and 0.5 g/l (0)). c(cr) for each channel has been chosen at 
1.28347 g/I. The three curves have been fitted simultaneously 
with (b) the SEK III model and (c) the SEK 1 model using 
?(r,) as an additional parameter. The results in (b) and (c) 
have been plotted as the residuals to the fits. The returned 
parameter values for the SEK III model were: k,, = 3.60*0.41 
l/g, k =1.64f0.19 l/g, B =(3.39+0.47)x10-’ 1 mol gi2, 
?( rr) = 1.278f 0.006 g/I. The returned values for the SEK I 
model were: k = 2.27kO.07 I/g, B = (5.09+0.15)x10-’ I mol 

g -*, ?(r,)=1.265+0.006 g/l. 

the model is a good fit and, if so, to obtain good 
estimates of the parameters (fig. 4). With the ad- 
ditional parameter, P(rr), only one reference con- 
centration need be chosen in order to determine if 
the model is a good choice and to obtain good 
estimates of the parameters. Furthermore, the 
choice of reference concentration is arbitrary, since 
any selected concentration will yield the same 
residuals distribution and parameter estimates. 

The method is easily extended to simultaneous 
analysis of results from several experiments using 
different operating conditions (different loading 
concentrations, angular velocities and radial posi- 
tions) provided a common reference concentration 
is used. Fig. 7a displays omega function curves 
calculated from the results of three different initial 
loading concentrations of spectrin in a meniscus 
depletion experiment. The curves overlap closely 
indicating that all three solutions are homogeneous 
and have reached chemical equilibrium during the 
time course of the experiment. The curves have 
been fitted with the SEK I and SEK III reaction 
models. The values of the returned parameters are 
reasonable for both models in the light of published 
results on the self-association of spectrin [15] and 
its size and shape [16]. The residuals plot for the 
SEK III model (fig. 7b) shows a more random 
distribution of residuals than for the SEK I model 
(fig. 7c) indicating a better fit by the SEK III 
model to the data. Rejection of the SEK I model 
can be justified objectively by a criterion such as a 
runs test. While the residuals of fig. 7b appear to 
be distributed randomly by this criterion, those of 
fig. 7c show significant departure from a random 
distribution at the 5% level. Data from individual 
channels also show significant departure from ran- 
dom distribution with the SEK I model. 

4. Discussion 

The method we have outlined allows the de- 
termination of the parameters of self-association 
using the omega function without reliance on vis- 
ual extrapolation, and without the use of an ex- 
trapolated value to construct an activity curve as a 
function of concentration. Although extrapolation 
of the omega function may be straightforward for 
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weakly self-associating solutes (fig. l), the chance 
of introducing errors, and the relative size of such 
errors, increases with the strength of the associa- 
tion (fig. 2). Any error introduced in this way is 
propagated throughout the monomer activity 
curve, leading to inaccurate estimates of the reac- 
tion model parameters (fig. 3). In addition, the 
distortion of the distribution of residuals intro- 
duced by errors in extrapolation may lead to the 
rejection of the correct model for association, 

In the method we have described, all of the data 
points are used to make maximum use of the 
information available. The difficulties of extrapo- 
lation and the construction of a monomer activity 
curve are avoided by fitting the omega function 
directly using nonlinear regression. This can be 
achieved in two ways: One method uses only the 
reaction model parameters as fitting parameters. 
For this method to be successful most, and prefer- 
ably all, the measured concentrations should be 
used sequentially as reference concentrations to 
produce a set of omega function curves (fig. 4). 
However, this procedure is laborious, especially 
when data from several channels and several reac- 
tion models are to be tested. In addition, it is 
uncertain whether the values obtained for each 
parameter are normally distributed with respect to 
the error in the reference concentration. A much 
better way is to include the additional fitting 
parameter, ?(~r), to avoid forcing the fitted curve 
through a fixed point. Instead, the curve will pass 
through a more appropriate point determined by 
e(rr) (fig. 5). With this method only one omega 
function curve needs to be fitted, since the fitting 
procedure is independent of the value of the refer- 
ence concentration and independent of any mea- 
sured error in the reference concentration. 

The errors calculated for the parameters when 
fitting the omega function curves are more realistic 
than the errors calculated when fitting the 
monomer activity curves since the monomer activ- 
ity function (eq. 3) is a smoothed function and 
gives unrealistically small errors. We have esti- 
mated our errors for fits to the omega function 
curves using standard statistical techniques [17]. 
These techniques do not strictly apply to nonideal 
self-association models since the parameters are 
not independent of each other and the fitting 

functions are not linear in form [18]. However, the 
errors calculated using the standard techniques 
should at least be of the right magnitude [18,19] 
and it should be possible to estimate the errors 
using more sophisticated statistical analysis if nec- 
essary. 

It is advisable with mild and strong self-associa- 
tions to collect extra data in the low concentration 
region since it is in this region that the proportion 
of effective monomer is highest and the first equi- 
librium constant can be calculated most accu- 
rately. If too few points are measured at low 
concentration the random error may appear to be 
systematic over a small concentration range and 
this will adversely affect the estimation of the first 
equilibrium constant. Since there is correlation 
between the parameters the values of all parame- 
ters will be affected. Possibly, this problem can be 
overcome by independently determining the value 
of the second virial coefficient [20]. In this way the 
second virial coefficient will be treated as a con- 
stant instead of a parameter whose value is esti- 
mated in the nonlinear regression calculation. This 
may force any other parameters to assume more 
realistic values. 

Direct fitting of the omega function was used to 
test the self-association of human spectrin (fig. 7). 
Of the two models tested the SEK III model (fig. 
7b) appeared to give a better fit to the data than 
the SEK I model (fig. 7~). It is possible that the 
slightly nonrandom distribution of residuals for 
the SEK I model results from correlation of the 
residuals due to the curve-fitting process and that 
the model may still be valid [21]. However, simu- 
lated data based on SEK III parameters (whose 
values were very close to those obtained for the 
experiments on spectrin) showed the same distri- 
bution of residuals as the experimental data when 
fitted with the two models (fig. 6). The close 
agreement between simulated and experimental 
residuals plots strongly suggests that the SEK I 
model does not describe the self-association of 
spectrin as well as the SEK III model over the 
concentration range O-l.8 g/l. 

Although we have presented the method for 
direct fitting of the omega function using indefi- 
nite self-associating macromolecules the principle 
can be applied to discrete self-associating systems 



and self-associations of small molecules, including 
micelle formations. 

Johnson et al. [18] have developed a nonlinear 
least-squares method that determines virial coeffi- 
cients and self-association constants by fitting con- 
centration as a function of radial position. This is 
the most direct method for determining parameter 
values for specific association schemes. In many 
cases, however, this method can present diffi- 
culties: The basic test for heterogeneity for sam- 
ples centrifuged under different operating condi- 
tions (different initial loading concentrations, ra- 
dial positions and angular velocities) is the coinci- 
dence of plots of apparent weight average molecu- 
lar weight vs. concentration. The calculation of 
apparent weight average molecular weights is a 
procedure prone to systematic error due to a dif- 
ferentiation step [1,13] and therefore this test may 
indicate heterogeneity where none exists. Since the 
precision of the test is not as high as the precision 
of the concentration data used directly to calculate 
the parameters, it should be used only as a guide 
to the presence of heterogeneity. 

The omega function analysis has a much more 
sensitive test for heterogeneity based on the over- 
lap of the plots of the omega function vs. con- 
centration [l]. This method avoids any differentia- 
tion of the data. In our experience, data from three 
separate channels plotted as apparent weight aver- 
age molecular weight against concentration can 
sometimes indicate heterogeneity in samples due 
to the slight, apparent lack of overlap of the plots. 
Often, when the data have been replotted in terms 
of the omega function vs. concentration, the over- 
lap of the three plots over the common concentra- 
tion range has indicated that the samples are, in 
fact, homogeneous. 

Johnson and co-workers [22] have also devised 
a more quantitative test for heterogeneity in self- 
associating systems based on the overlap of the 
confidence regions of the parameters of self-associ- 
ation. A separate regression analysis is performed 
on the data from each of a number of channels. If 
the confidence regions do not overlap the sample 
is taken to be heterogeneous. In general, since the 
correct mode of self-association is rarely known, 
an assumed (and possibly incorrect) model must 
be used to perform the test. In these cases the data 

sets from the separate channels must be truncated 
to a common concentration range before each 
channel is regressed separately [22]. The choice of 
an incorrect model and the subsequent truncation 
procedure present no problem provided the den- 
sity of the data points in the truncated region for 
each channel is sufficiently high. A large number 
of data points can be achieved readily with auto- 
matic plate reading techniques [22,23]. When auto- 
matic plate reading is not available the number, 
and the density, of points measured is generally 
greatly reduced and the number of points in each 
truncated set may be small. If this is the case, then 
the requirement that the distribution of the data in 
each of the truncated sets be identical may no 
longer apply and the test cannot be used sensibly. 
In addition, with a small number of points, the 
random error may appear to be systematic over a 
small concentration range and this may give rise to 
large changes in the parameter estimates without 
greatly increasing the confidence regions [21]. 

The truncation test for heterogeneity is at pre- 
sent restricted to heterogeneity produced by non- 
associating, monomer-like species present in solu- 
tion with solutes undergoing discrete self-associa- 
tions [22]. The applicability of the test with respect 
to indefinite self-associations has yet to be de- 
termined. 

When any one of the above limitations is not 
upheld the truncation method cannot be employed 
with confidence and users of the method of John- 
son et al. [18] must then resort to plots of weight 
average molecular weight vs. concentration as a 
test for heterogeneity. 

The method of Johnson et al. is restricted to the 
simultaneous analysis of results from each channel 
of meniscus depletion experiments or inter- 
mediate-speed experiments [8] performed at a 
single speed. Thus, data from low-speed experi- 
ments cannot be analysed. With direct fitting of 
the omega function, data from low-speed experi- 
ments can be incorporated into the analysis pro- 
vided the concentration range for the low-speed 
experiments overlaps the concentration range for 
the meniscus depletion experiments and a com- 
mon reference concentration is used. We are also 
preparing a paper in which a procedure is detailed 
for incorporating into the analysis the results of 
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low-speed experiments whose concentration range 
does not overlap that of the meniscus depletion (or 
intermediate-speed) experiments. 
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